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Abstract. We prove existence of a global conservative solution of the Cauchy 
problem for the two-component Gamassa-Holm (2CH) system on the line, 
allowing for nonvanishing and distinct asymptotics at plus and minus infinity. 
The solution is proven to be smooth as long as the density is bounded away 
from zero. Furthermore, we show that by taking the limit of vanishing density 
in the 2CH system, we obtain the global conservative solution of the (scalar) 
Camassa-Holm equation, which provides a novel way to define and obtain 
these solutions. Finally, it is shown that while solutions of the 2CH system 
have infinite speed of propagation, singularities travel with finite speed. 



1. Introduction 

The two-component Camassa-Holm (2CH) system, which was first derived in 
m Eq. (43)], is given by 

(1.1a) Ut - Utxx + KUx + 3uUx - 2UxUxx - UUxxx + VPPx = 0, 

(1.1b) pt + {up)x^O, 

for constants k G M and rj G (0, oo), or equivalently 
(1.2a) Ut + uux + Px = 0, 

(1.2b) pt + {up)x = 0, 

where P is implicitly defined by 

(1.3) P - Pxx = u'^ + Ku + ^ul + 7]^p^ . 

We here study the Cauchy problem on the line where the equations (|1.2p - (|1.3p are 
augmented with initial conditions {u,p)\t=Q = (uqiPq)- The equations have been 
derived as a model for shallow water by Constantin and Ivanov [5], where it is 
shown that rj positive and p nonnegative is the physically relevant case. 

The purpose of this paper is twofold: First of all we want to show the existence of 
a global and conservative solution of the 2CII system by suitable modifying recent 
results [5] for the (scalar) Camassa-Holm (CH) equation 

(1.4) Ut - Utxx + KUx + 3uUx - 2UxUxx " UUxxx = 0, 
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(which one obtains by taking p identically zero in (|1.2p - (|1.3p . or (jl.ip ). It turns 
out that the solution of ()1.2|) - (|1.3p is regular as long as the initial density po is 
bounded away from zero fThcorcm lG.ll and Corollary 16. 2p . This contrasts the case 
of the CH equation where one in general encounters weak solutions only. Secondly, 
we study the limit of the global conservative solution of the 2CH system for a 
sequence pJJ of initial densities tending to zero as n — oo . We find that the solution 
of the 2CH system approaches the global conservative solution of the Camassa- 
Holm equation (Theorem 16. 3p . This offers an alternative approach to the study 
of conservative solutions, and a novel way to define conservative solutions. This is 
interesting because the CH equation enjoys two distinct classes of solutions, denoted 
dissipative and conservative solutions, respectively. In brief terms, the conservative 
solution preserves energy, while energy decreases for dissipative solutions. Both 
classes will in general have weak solutions rather than smooth solutions. To identify 
and characterize the two classes has turned out to be rather involved, see, e.g., 
[H m [181 [lH [8j [To] , a-nd references therein. The approach in this paper characterizes 
conservative solutions as limits of smooth (classical) solutions of the 2CH system. 
This is novel. 

The 2CH system (|1.2p - (|1.3p has been studied extensively, from many different 
points of view, making a complete list of references too long. However, we here 
mention that Wang, Huang, and Chen [5S] have studied conservative and global 
solutions of the 2CH system using a change of variables similar to the one employed 
here. The results here are more detailed and precise. In particular, we establish 
the semigroup property of the solutions and the continuity of the semigroup with 
respect to a new distance which is introduced. The vanishing density limit is not 
discussed in Escher, Lechtenfeld, and Yin [Hj established a short-time existence 
theory for solutions using Kato techniques in the case r/ = — 1 and k = 0. In the 
same paper it is shown that solutions may blow up in final time. Our approach 
does not apply to the case with negative. Constantin and Ivanov [5] showed that 
the solution for small initial data (or, more precisely, for po close to a constant and 
small uq) remains smooth. We here extend this result to data of arbitrary size, 
provided the density is bounded away from zero initially. A remarkable property 
of the system, which is shown in [13], is that when p{){x) > for all a; e R, the 
solution exists globally in time. In Theorem 16.11 we establish a local smoothing 
effect of the variable p, thereby extending the result of }13j . In particular, we show 
how the characteristics govern the domain of smoothness. 

For other related results pertaining to the present system, please see [131 [HI [H] . 
In addition to the 2CH system discussed in the present paper, there exists several 
other two-component generahzations of the CH equation, see, e.g., [3l [71 [TT l [T2 l [TB I 
[201 [24]. For traveling wave solutions see [5] 14] [2T1 [22] . 

Let us next describe the content of this paper more precisely. While we in this 
paper treat the case of arbitrary (nonvanishing) asymptotics of the initial data (and 
thereby of the solution), in the sense that 

lim uo{x) = u±oa and lim poix) = Poo, 

we here, in order to make the presentation in the introduction more transparent, 
assume vanishing asymptotics for u, that is, u±oo ~ 0. Furthermore, we assume 
r] = 1 and k = 0. We first make a change from Eulerian to Lagrangian variables and 
introduce a new energy variable. The change of variables, which we now will detail. 
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is related to the one used in [T8j and, in particular, [9]. Assume that u = u{x,t) is 
a solution, and define the characteristics y = by 

and the Lagrangian velocity by 

U{t,0^u{t,y{t,0). 
By introducing the Lagrangian energy density h and density r by 

hit, - ulit, y{t, + p\t, y{t, 0)ydt, 0, r{t, ^ = pit, y{t, i))y^{t, 0, 

we find that the system can be rewritten as 

yt = u, 

Ut = -Q, 

ht = 2{U^ -P)U^, 

n = 0, 

where the functions P and Q are explicitly given by (|3.12p and (|3.13p , respectively. 
We then establish the existence of a unique global solution for this system (see 
Theorem 13. 6p which forms a continuous semigroup in an appropriate norm. In 
order to solve the Cauchy problem we have to choose the initial data appropriately. 
To accommodate for the possible concentration of energy we augment the natural 
initial data uq and po with a nonnegative Radon measure /xq such that the absolutely 
continuous part /io.ac is A*o,ac = [u^^x + (Po — Po,oo)^) dx. The precise translation of 
these initial data is given in Theorem l4.9l One then solves the system in Lagrangian 
coordinates. The translation back to Eulerian variables is described in Theorem 
14.101 However, there is an intrinsic problem in this latter translation if one wants 
a continuous semigroup. This is due to the problem of relabeling; to each solution 
in Eulerian variables there exist several distinct solutions in Lagrangian variables 
as there are additional degrees of freedom in the Lagrangian variables. In order 
to resolve this issue to get a continuous semigroup, one has to identify Lagrangian 
functions corresponding to one and the same Eulerian solution. This is treated 
in Sec. m The main existence theorem. Theorem 15.21 states that for uq G and 
Po G and //q a nonnegative Radon measure with absolutely continuous part ^o,ac 
such that /io,ac = ("o x + (Po ~ Po,oo)^) dx, there exists a continuous semigroup Tt 
such that {u, p, p){t) ~ Tt{uo, po, po) is a weak global and conservative solution of 
the 2CH system. In addition, the measure p satisfies 

{u^ + p)t + {u{u^ + p))x (u^ - 2Pu)x, 

weakly. Furthermore, for almost all times the measure p is absolutely continuous 
and p= {u1 + {p- Poof) dx. 

In order to analyze the case where we consider a sequence of initial densities pg 
tending to zero as n — >■ oo, we need to have a sufficiently strong stability result. To 
that effect, we have the following result, Theorem l6.3l Consider a sequence of initial 
data such that ujf ^ uo in ir^(K), p^ - ^ in ^^(K), p"^^^ 0, 

with Pq > dn > Q for all n. Assume that the initial measure is absolutely continuous, 
that is, /Xq = = ((uo,k)^ + (Po ~ PoooY)dx. Then the sequence will 

converge in L°° (R) to the weak, conservative global solution of the Camassa-Holm 
equation with initial data ug. 
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Finally, we want to address the regularity issue. Consider an open subset I of M. 
We say that (m, p, ^) is p-regular on / if 

u e WP^°°{I), p e WP~^^°°{I) and Mac = /i on /. 

A surprising feature of the 2CH system is that while it has an infinite speed of 
propagation [17| . singularities travel with finite speed. This is the content of the 
following theorem, Theorem 16.11 Assume that the initial data (uo,/OoiMo) is p- 
regular on an interval (xq.xi) such that p§ > c > on {xo,xi). Then the solution 
(u, p, ^){t) is p-regular on the interval given by the characteristics emanating from 
{xo,xi). More precisely, it is p-regular on the interval {y{t, S,o) , y{t, , where 
and ^1 satisfy j/(0,^o) = and y(0,^i) = xi and are defined as 

Co = sup{e e M I y{0, < xo} and Ci = inf{e G M | y{0, > xi}. 

Thus we see that regularity is preserved between characteristics. 



2. EULERIAN COORDINATES 

We consider the Cauchy problem for the two-component Camassa-Holm system 
with arbitrary k G M and t] G (0, oo), 

(2.1a) Ut - Utxx + KUx + iuUx - 2UxUxx - UUxxx + VPPx = 0, 

(2.1b) pt + {up)x = 0, 

with initial data u\t=o = uq and p\t=o = Po- We are interested in global solutions 
for initial data uq with nonvanishing and possibly distinct limits at infinity, that is, 

(2.2) lim Uq{x) ~ u_ao and lim Uq{x) ~ u^. 



a:— f — oo 



Furthermore we assume that the initial density has equal asymptotics which need 
not to be zero, that is, 

(2.3) lim poix) = Poo- 

a;— >±oo 

More precisely we introduce the spaces 
(2.4) 

Hoo[^) = {v e Ll,(R) I v{x) = v{x)+v^ooX{~x)+VooXix), v € H\R),v±oo e M}, 

where x denotes a smooth partition function with support in [0, oo) such that 
x{x) = 1 for X > 1 and x' (x) > for a; S M, and 

(2.5) ic'onstW = {5 e ^locW I 9ix) - goo+g{x), g e L\M.),goo e K}. 

Subsequently, we will assume that 

(2.6) uoei?co(M), poGLL,stW- 
Introducing the mapping from H^{M.) x into Hl^^iM) given by 

I^{u,c^,c+){;x) = u{x) +c_x(-a;) + c+x{x) 

for any (■it,c_,c+) G £r^(M) x M^, yields that any initial condition uq G Hoo{^) is 
defined by an element in i?^(E) x through the mapping Hence we see that 
i/oo(K) is the image of H'^{^) x by /^^ that is, iJoo(K) = /x(i^^(K) x M^^ ^he 
linear mapping is injective. We equip fl"oo(R) with the norm 

(2.7) 11^11^^ = ||Sl|^, + |c„| + |c+| 
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where u = Iy^{u^c-,c+). Then _ffoo(IR) is a Banach space. Given another partition 
function x, we define the mapping (u, c_,c+) = 4'(m,c-,c+) from H^{M.) x to 
X R2 as 5_ ^ c+ = c+ and 

(2.8) S(x) = u{x) + c_(x(-x) - x{-x)) + c+{x{x) - x{x))- 
The hnear mapping ^ is a continuous bijcction. Since 

we can see that the definition of the Banach space iJoo(K) does not depend on the 
choice of the partition function x- The norm defined by p.7p for different partition 
functions x s-H equivalent. 

Similarly, one can associate to any element p € iconst i^) the unique pair (p, k) G 
L2(M) X K through the mapping J from L^(R) x M to L^Qjjgj(M) which is defined as 

(2.9) J{p,k)^p + k. 

In fact J is bijective from _L^(M) x R to L^Qjjgj(R), which allows us to equip I/^Q,jgj(]R) 
with the norm 

(2.10) = IIpII^. + |fc|, 

where we decomposed p according to p = J{p,k). Thus i^ojjgj(M) together with 
the norm defined in (|2.10p is a Banach space. 

Note that for smooth solutions, we have the following conservation law 

(2.11) (it^ + ul+ ■qp^)t + {u{v? +ul + rjp'^))^ = (u^ + nu^ - 2Pu)^. 

Moreover, if {u{t, x), p{t, x)) is a solutions of the two-component Camassa-Holm 
system (|2.1I) . then, for any constant a S R we easily find that 

(2.12) v{t,x) = u{t^x — at) + a, and T{t, x) ~ y/rjp(1:., x — at), 

solves the two-component Camassa-Holm system with k replaced by k — 2q; and 
77 = 1. Therefore, without loss of generality, we assume in what follows, that 
limj.„)._oo uq(x) = and rj = 1. In addition, we only consider the case /t = as one 
can make the same conclusions for k ^ with slight modifications. 

3. Global solutions in Lagrangian coordinates 

The aim of this section is to rewrite the two-component Camassa-Holm system 
as a system of ordinary differential equations in a suitable Banach space, such that 
we can prove global existence of solutions therefore. 

3.1. Equivalent system. Rewrite the two-component Camassa-Holm system as 
the following system 



(3.1a) ut + uUx + Px = 0, 

(3.1b) pt + {up)x = 0, 

where P is implicitly defined bjQ 
(3.2) P-Pxx^u' + UlI + 



Introduce the subspace i/o,oo(IR) of i/oo(K) as 

7?o,oo(M) = IxiH\M.) X {0} X R). 



For K nonzero I I3.2I I is simply replaced by P — P^x = + ku + + ■^p^ . 
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Then we obtain, using p.2|) . under the assumption that p G LpQ,-jgj(R) and u € 
^^o,oo(R) that the function P can be expressed through 

(3.3) P{x) = cWx) + i / e~\--'\2cxu + v? + \ul + 2^^^ + 2c\^'){z)dz 



In particular, P <E i/oo(K) and espcciahy Pj; <E L^(M). 

We introduce the Lagrangian variables and rewrite the governing equations p.ip 
with respect to these variables. Let the characteristics y{t, which can be decom- 
posed as y{t,^) = C{t,0 + be defined as the solutions of 

(3.4) yt{t,0^u{t,y{t,0) 
for some given initial function y(0,^). We define 

(3.5) U{t,0^u{t,yit,0), 
which can be decomposed as 

(3.6) U{t,O^U{tA)+cit)xoy{t,0, 

where U € iJ^(K) and c G R. In addition, we define h £ L^(]R) formally as 

(3.7) h{t, = ul{t, y{t, 0)2/4 (t, + p^t, vit, e))ye(t, 0, 

so that {ul(t,x) + p^{t,x))dx ~ y#{h{t, (,)d^), and r G i^Q,jst(]R) as 

(3.8) r{t,0^p{t,y{t,0)ydt,0- 
Moreover, r can be decomposed as 

(3.9) rit,c) = nt,0 + Ht)ydt^O, 

so that p{t,x)dx = k(t) + y^{f{t,^)d^). Here y^ denotes the pushforwardQ We 
have 

(3.10) y^h^Ul+f^. 
The system (|3T|) - (|3^ rewrites 

(3.11a) yt = U, 

(3.11b) Ut - ~Q, 

(3.11c) ct = 0, 

(3.11d) ht ^ 2iU^ + - P)U^, 

(3.11c) n - 0, 

(3.11f) kt = 0, 

where the functions P{t,S,) and Q{t,£,) are given by 
(3.12) 

P{0 - / e-l^(^)-^('')l((2i72 + 4cC7xoy)y4 + 2fcf + /l)(77)dr; + c25oy(0 + -fc^ 
4 Jb 2 



^The push- forward of a measure u hy a, measurable function / is tlic measure f^u defined as 
f^u{B) = u{f-^{B)) for any Borel set B. 
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and 
(3.13) 

QiO = -] [ sign{^-rj)e-\y<-^^-y<^'^^\{{2U^+'icUxoy)y^ + 2kf+h){Tj)drj+c'g'oy{^), 
4 Jm 

where 

(3.14) g{x) = x'{^) + \ I e-l--^l(2x'2 + 2x^'){z) dz. 

Equations ([XTTa|) . (|3.11bl) . (|3.11dp . and (jXTTe)) . follow directly from (|XT])- (p:^ . 
The value of the energy density (it^ + + p^exit) is essentially controlled by the 
variable h, and the evolution equation for h, (|3.11dp . follows from the conservation 
law (|2.1ip . which yields 

Equations (|3.11cp and (j3.11fp state that the asymptotics do not evolve in time. 
Formally, it comes from the fact that, if all functions are smooth and the derivatives 
decay sufficiently fast, then 

lim Ut{x) = — lim {uUx + Px) = 0, 

X— >-±oo 2:— ^±oo 

and 

lim pt{x) = - liin {pu.j, + up^) = 0. 

a;— >±oo X— >±oo 

The variables y, ?7, and r given by (|3.4p . (|3.5p and p.Sp can be seen as the 
standard Lagrangian variables for the equation. However, to carry out our analysis 
we need to introduce the variables ^, U and 7~, which are derived from the former 
variables and, in addition, belong to the appropriate Banach spaces. In those 



variables the system 


of governing 


equation writes 


(3.15a) 


Ct = 




(3.15b) 




-Q - c(x' ° y)u, 


(3.15c) 






(3.15d) 


ft = 




(3.15e) 


Ct = 


0, 


(3.15f) 


h - 


0. 



3.2. Existence and uniqueness of solutions of the equivalent system. Let 

V be the Banach space defined by 

V = {feCtm I heL^R)} 

where C,,(R) = C(R) n L°°{R) and the norm of V is given by ||/||^^ = ||/||^^ + 
11/^11^2- We define the Banach space E by 

E = Vx iJo,oo(R) X L\R) X iL„.t(K), 

and 

(3.16) E = V X H^{R) X K X L^{R) x L^{R) x R. 
Then E is in isometry with E and we define 

(3.17) IKC, h,r)\\j, = ||(C, I-HU), h, J~\r))\\^. 
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However, all partition functions give rise to equivalent norms (cf. [9l Sec. 6]). For 
convenience, we will often abuse the notations and denote by the same X the two 
elements (j/, U , c, h, f, k) and (y, C/, ft., r) where, by definition, U = U + cx o y and 
r = f + fcy^. Furthermore, we will occasionally write (C, U , c, h, f, fc) and (^, U, h, r) 
for X. 

The investigation in |9l Sec. 3] of g defined by ()3.14|) showed that g G Hq,oo(^) 
with lima;_).oo 5(2;) — 1. Moreover, g is monotonically increasing and g' G H^{M.). 
This yields the following result. 

Lemma 3.1. For any X ~ {C,,U,h^r) in E, we define the maps Q and V as 
Q{X) — Q and V{X) ~ P , where P and Q are given by (|3.12|) and p.l3|) . respec- 
tively. Then, V — ^fc^ — is a Lipschitz map on bounded sets from E to iJ^(R) 
and Q is a Lipschitz map on bounded sets from E to H^{R). Moreover we have 

(3.18) Qi^-lh-{U^ + h^-P)y^-kr, 

(3.19) n = Q(i + Ce)- 

Proof. The structure of the involved functions is similar to the ones in [9]. We 
therefore refer to the proof of [31 Lemma 3.1]. □ 

Theorem 3.2. Given Xq ~ {Co, Uq, Hq, tq) G E, then there exists a time T depend- 
ing only on ||Xo||^ such that (|3.15p admits a unique solution in C"'^([0, T], i?) with 
initial data Xq. 

Proof. Solutions of p.lSp can be rewritten as 

X{t) =Xo+ f F(X{T))dT, 

Jo 

where F: E ^ E is defined by the right-hand side of p.l5|) . The integrals are 
defined as Riemann integrals of continuous functions on the Banach space E. Using 
Lemma [3. II we can check that F{X) is a Lipschitz function on bounded sets of E. 
Since £^ is a Banach space, we use the standard contraction argument to prove the 
theorem. □ 

Differentiating p. lip and p.lSp . we obtain 



(3.20a) 


y^.t = u^, 


(3.20b) 


U^.t = \h+(U^ + h^-P)y^ + kf, 


(3.20c) 


ht=2iU^ + ^P)U^, 


(3.20d) 


rt =0, 


and 




(3.20e) 




(3.20f) 


Ui,t = \h+ ([/2 + ifc2 - P)y. + kf- cx" yy^U 


(3.20g) 


ft = -kU^. 



We now turn to the proof of the existence of global solutions of p.lSp . To that 
end we consider initial data that belongs io E C^ ([M^i'°°(R)]2 x [L°°(R)]2), where 
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W^^'^iR) = {/ e Cfc(M) I e i°°(M)}. Given (Co, Uo, ho, ro) G n ([M^i'°°(R)]2 x 
[L°°(R)]2), we consider the short-time solutions {C,U,h,r) e C{[0,T],E) of (|3TT5l) 
given by Theorem 13.21 Using the fact that Q and V ~ ■^k^ ~ arc Lipschitz on 
bounded sets and, since X £ C{[0,T], E), we can prove that P — ifc^ — and Q 
belong to C{[0,T],H^{R)). Hence we now consider P — ^k"^ — and Q as given 
functions in C([0, T], iJ^(R)). Then, for any fixed ^ e M, we can solve the system 
of ordinary differential equations 



(3.2fa) 




= ^(<.{), 


(3.2fb) 




= \-i{t.i) + w + he- - p){txm + o(!,o) + m.o. 


(3.21c) 




= 2(t/» + it2-P)/!(i,{). 


(3.21d) 




= -w.o, 



which is obtained by substituting C^, C/j, h, and r in p.20p by the unknowns a, 
/?, 7, and (5, respectively in [i°°(]R)]^. We have to specify the initial conditions for 
(|33T]) . 

Let A be the following set 

^ = e R I |Co,d < IICo.cIIloo , \UoM)\ < WUoJl^ , \ho\ < \\hoh^ , kol < \\roh^}. 

By assumption we have that A has full measure, that is, meas(^'^) = 0. For ^ £ A 
we define (a(0, 0, /3(0, 0, 7(0, 0, -5(0, 0) = iCo.dO,Uo,dO,hoiO,roiO)- However, 
if e e we set (a(0, 0, /3(0, 0, 7(0, 0, <5(0, 0) = (0, 0, 0, 0). 

Lemma 3.3. Given some initial condition Xq = {(o,Uo, ho,ro) S Er]{[W^'°°{R)]'^x 
[L°°(R)]2), we consider the solution X = (C, [/, /i, r) e Ci([0, T], £;) o/ (|XT5|) ^wen 
by Theorem^ Then X £ Ci([0, T], ([VFi'°°(R)]2 x [i°°(R)]2)). The functions 
a{t,S,), P{t,£,), 7(i,C); and6(t,£,) which are obtained by solving p.2ip for any fixed 
given ^ with the initial condition specified above, coincide for almost every ^ and 
for all times t with U^, h,and f, respectively, that is, for all t £ [0,r], we have 

(3.22) iait,0,Pit,0n(t,0,5(t,0) = {Cdt^C),Udt,0,h{t,0,r{t,0) 

for almost every ^ G R. 

Thus this lemma allows us to pick a special representative for {Q, U^, h, f) given 
by (a,/9,7, 5), which is defined for all ^ S R and which, for any given ^, satisfies 
the ordinary differential equation (|3.2ip . In what follows we will of course identify 
the two and set (Q, U^, h, f) equal to (a, /3, 7, 6). 

Proof. The proof is similar to the one of |181 Lemma 2.4] and hence we refer the 
interested reader there. □ 

We define the set Q as follows. 

Definition 3.4. The set Q is composed of all (C, U, h,r) £ E such that 

(3.23a) {C.U,h,r) £ [W^'°°{M.)f x [L°°{R)Y, 

(3.23b) % > 0, /i > 0, 2/^ + /i > almost everywhere, 

(3.23c) y^h = + f'^ almost everywhere, 

where we denote 2/(0 = C(^) + 
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The set Q is preserved by the flow and for initial data in Q we obtain global 
solutions. 

Lemma 3.5. Given initial data Xo = (Co, Uq, Hq, ro) in Q, let X{t) ~ {C{t), U (t), h{t), r{t)) 
be the short-time solution of p.lSp in ([0, T] , E) for some T > with initial data 
{Co,Uo,hQ,ro). Then 
(i) X{t) belongs to G for all t G [0,T], 

(a) for almost every t G [0, T], we have y^(t, ^) > for almost every ^ G M. 

Proof. The proof follows the same lines as in [181 Lemma 2.7]. We prove only 
()3.23cp . From the governing equations, for any given ^ g R, we get 

jUl ^ 2U^{\h + iU' + P)y^ + kf) 

and 

-f-f2 = -2kfU,. 
dt ^ 

Hence, ^{y^h - C/| - f^) = and ((3:23c| is proved. □ 

We are now ready to prove global existence of solutions to p.lSp . 

Theorem 3.6. For any Xq = {yo,Uo,ho,ro) G G, the system p.lSp admits a 
unique global solution X(t) = (y(t),U{t),h{t),r{t)) in C^{]&^,E) with initial data 
^0 = (yo, C^o, ^0, ^o)- We have X{t) G G for all times. If we equip G with the 
topology inducted by the E-norm, then the mapping S: G ^ IR+ G defined as 

StiX)=X(t) 

is a continuous semigroup. More precisely, given M > and T > 0, there exists a 
constant Cm which only depends on M and T such that, for any two elements Xa, 
Xp G G such that \\Xa\\^ < M, ||^;3||^ < M, we have 

(3.24) \\StX,, - StXpW < Cm \\X,, - Xp\\ 
for any t G [0, T]. 

Proof. The proof follows closely the one of [9l Theorem 3.7], and hence we will only 
prove p.24p . Therefore, one can show as in [9l Theorem 3.7], that 

(3.25) r(t)= / U\d^+\\h\\^,, 
satisfies 

(3.26) jT{t) < Cim + 1), 

where C denotes some constant dependent on c (independent of time) and the 
partition function x we choose. Thus Gronwall's inequality yields 

(3.27) r{t) + 1 < (r(o) + l)e"^*, 

where C depends on c and the partition function x- Moreover, 

(3.28) Fo < \\Uo\\l, + \\Uo\\l.^ \\Uo\\^, HCo.dli^ + \\hohi ■ 

Hence F(t) only depends on t, the partition function x and ||Xo||^. Thus, using the 
estimates derived in [9l Theorem 3.7], one obtains that |]S't(XQ,)|]^ depends only 
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on ||Xo||^, t, and the partition function x we choose. Using that F is Lipschitz 
continuous, we finally end up with p.24p . □ 

4. From Eulerian to Lagrangian coordinates and vice versa 

Definition 4.1. The set V is composed of all pairs (u, p, fi) such that u G HQ^aaiM), 
p € iconst i^) '^"'^ ^ positive finite Radon measure whose absolutely continuous 
part, /iac, satisfies 

(4.1) = {ul + p^)dx. 

Definition 4.2. We denote by G the subgroup of the group of homeomorphisms 
from M K. such that 

(4.2a) / - Id and /"^ - Id both belong to iy^'°°(R), 

(4.2b) - 1 belongs to L^{M.), 

where Id denotes the identity function. Given k > 0, we denote by G^ the subset 
Gk of G defined by 

(4.3) G^ = {feG\\\f- Id||^.,^ + - Id||^^,,,^ < k}. 

Lemma 4.3 ([H Lemma 3.2]). Let k > 0. // / belongs to G^, then 1/(1 + k) < 
< 1 + K almost everywhere. Conversely, if f is absolutely continuous, / — Id G 
W^'°°{M.), f satisfies (j4.2bp and there exists d > 1 such that 1/d < f^ < d almost 
everywhere, then f G for some k depending only on d and \\f — Id||,^i,oo . 

We define the subsets J^^ and of as follows 

T^ = {X=iy,U,h,r)&g\y + H eG^}, 

and 

T = {X=iy,U,h,r)eg\y + H EG}, 
where H{t,£^) is defined by 

F(t,e)= r h{t,T)dT, 

J —oo 

which is finite since, from (|3.23cp . we have h = U^+f'^—Qh and therefore h G i^(R). 
For «; = 0, we have Gq = {Id}. As we shall see, the space J-q will play a special role. 
These sets are relevant only because they are preserved by the governing equation 
(|3.15p as the next lemma shows. In particular, while the mapping ^ i— > y(t, ^) may 
not be a diffeomorphism for some time t, the mapping ^ i— > y{t, ^) + H(t, ^) remains 
a diffeomorphism for all times t. 

Lemma 4.4. The space Q is preserved by the governing equations (|3.15p . More 
precisely, given k, T >0, and Xq £ Qk,, we have 

S't(Xo) G Qk,', 

for all t G [0,r] where k! only depends on T, k, and ||Xo||^. 

Proof See [Ml Lemma 3.3]. □ 

For the sake of simplicity, for any X = {y, U, h,r) E T and any function f G, 
we denote {yof,Uof,ho ff^, r o f f^) hy X o f . 

Proposition 4.5. The map from G y. F to F given by (/, X) ^ X o f defines an 
action of the group G on T . 
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Proof. See [HI Proposition 3.4]. □ 

Since G is acting on J", we can consider the quotient space T/ G oiF with respect 
to the action of the group G. The equivalence relation on is defined as follows: 
For any X, X' E we say that X and X' are equivalent if there exists f G G such 
that X' — X o f . We denote by n(X) = [X] the projection of J- into the quotient 
space J- jG. and introduce the mapping F: T ^ given by 

Y(X) = Xo + 

for any X = {y, U, h,r) E T . We have F(X) = X when X e J"o- It is not hard 
to prove that F is invariant under the G action, that is, Y{X o /) = F(X) for 
any X E J- and / G G. Hence, there corresponds to F a mapping F from the 
quotient space T jG to Tq given by F([X]) = F(X) where \X\ E T jG denotes the 
equivalence class oi X E T . For any X E Tq^ we have F o Y\[X) = T{X) = X. 
Hence, F o H| jr^^ = Id [jr^ . Any topology defined on is naturally transported into 
J-/G by this isomorphism. Wc equip J-q with the metric induced by the £J-norm, 
i.e., dj^„{X,X') = \\X -X'Wj^ for ah X,X' E J"o. Since Tq is closed in E, this 
metric is complete. We define the metric on J-/G as 

d^/Gi[x],[x']) = \\rix)-Tix')\\^, 

for any [X], [X'] E J-/G. Then, T/G is isometrically isomorphic with J"o and the 
metric djr/Q is complete. 

Lemma 4.6. Given a > 0. The restriction of F to Ta is a continuous mapping 
from J- a to J-Q . 

Proof. See [HI Lemma 3.5]. □ 

Remark 4.7. The mapping F is not continuous from J- to J-q. The spaces J- a 
were precisely introduced in order to make the mapping F continuous. 

We denote by S*: x [0, oo) — > T the continuous semigroup which to any initial 
data Xq E T associates the solution of the system of differential equations 

p.lSp at time t. As indicated earlier, the two-component Camassa-Holm system 
is invariant with respect to relabeling. More precisely, using our terminology, we 
have the following result. 

Theorem 4.8. For any t > 0, the mapping St'. T ^ T is G-equivariant, that is, 
(4.4) St{X o f) ^ St{X) o f 

for any X E J- and f E G. Hence, the mapping St from J- jG to T jG given by 

St{[X]) = [StX] 
is well-defined. It generates a continuous semigroup. 



Proof See [HI Theorem 3.7]. 



□ 
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We have the following diagram: 



(4.5) 




4.1. Mappings between the two coordinate systems. Our next task is to 
derive the correspondence between Eulerian coordinates (functions in I?) and La- 
grangian coordinates (functions in J-/G). The set 2? however allows the energy 
density to have a singular part and a positive amount of energy can concentrate on 
a set of Lebesgue measure zero. 

We define the mapping L from 2? to J^q which to any initial data in T) associates 
an initial data for the equivalent system in Tq. 



Theorem 4.9. 

(4.6a) 
(4.6b) 
(4.6c) 
(4.6d) 



For any (u, p, /i) in T) , let 

yiO sup{y I fi{{-oo,y)) 



2/<e}, 



J- the mapping which to any element 



Then (y, U, h, r) £ J-q. We denote by L: V 
(w, fi) € V associates X — (jj, U, h,r) Cz J- given by (j4.6|) . 

Proof. The proof follows the same lines as the one of [T51 Theorem 3.8], which we do 
not repeat here. We give some more details about the variable p and its Lagrangian 
counterpart r, which are specific to the Camassa-Holm system. As in [181 Theorem 
3.8], we obtain that 

(4.7) {uloy + p^oy + l)y^ = 1 

for allmost every ^ such that 0. From (|4.7p . it follows that < < 1 and 

^2/4 = i'^i ° vY'vl + (p ° y)^y'^j which implies (j3.23cp . It remains to prove that 
f e L^{R) n L°°{R). We have 



r{0"d^= I p{y{Ofyldi< I p{y{Oryid^= I P^xf dx < 



and 



°yyl< °yy^<'^■ 



U 



Reversely, to any element in J- there corresponds a unique element in T) which 
is given by the mapping M defined below. 

Theorem 4.10. Given any element X = {y,U,h^r) S T. Then, the measure 
y#{f{S,)d^) is absolutely continuous, and we define {u,p,p) as follows 

(4.8a) u(x) — U{^) for any ^ such that x = y{£,), 

(4.8b) P^y#m)dO, 
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(4.8c) P{x)dx = y#[md0. 

(4.8d) p{x)^k + p{x). 

We have that {u,p,fi) belongs to V. We denote by M : J- ^ V the mapping which 
to any X in J- associates the element (m, fi) £ V as given by (|4.8p . In particular, 
the mapping M is invariant under relabeling. 

Proof. Most of the proof follows closely [HI Theorem 3.11]. That the definition 
of u is well-posed follows exactly as in [THl Theorem 3.11]. Next we prove that 
y#{r{0 d£,) is absolutely continuous and satisfies (|4.8c|) for p e L^(K). In addition, 
we will see that p o yy^ = f whenever y^ 0. Let A = ?/#(f (^) d^). For any 
continuous function with compact support (j), we have, using the change of variables 

X = 2/(0: 

/ (l){x)dX{x) = / f(j)oyd£_= / -^<l>°yy/yid^, 



'{«eK I a5(5)#o} 

because f{^) = for almost every ^ such that y^ = 0. Hence, 

Of f:2 s 1/2 / /■ s 1/2 

— dn ( / (j)^dx) 
{«eR I V((i)T^o} y^ ^ ^JR ' 

(4.9) < (/ hdi)'\\<^\\^,<\\htl^U\\^., 

where we used that < hy^, see (|3.23cp . It follows that A is absolutely continuous, 

we write A = pdx, and (|4.9p also implies that p € L^(R) with l]pl]2^2 < H/iJI^i- By 
the definition of p, we have that, for any set B, 



(4.10) / p{x)dx= / poyy^di^ rdi 

•IB Jy-HB) Jy-HB) 

Define 

Z = e M ] ?/ is diffcrcntiable at ^ and 2/5 (■f) = 
or y is not diffcrcntiable at O, 

For any _B C Z"^, we have y~^{y{]3)) = B. Indeed, assume the opposite. Then, 
there exists £,a E B and ^1 G i?"^ such that y{^o) = j/(Ci)- Since y is increasing, it 
implies that y^(Co) = 0, which contradicts the fact that ^0 G Z'^. Thus, (|4.10p gives 



/ P°yyid^= / r d^, 

J B J B 



and it follows that 

(4.11) poyy^=f 

on Z^. Finally, it is left to show that pac = ""x + P^- We can use (|4.1ip and the 
proof follows the same line as in [HI Theorem 3.11]. □ 

Finally, in order to show that the equivalence classes in Lagrangian coordinates 
are in bijcction with the set of Eulerian coordinates, it is left to prove the following 
theorem. 

Theorem 4.11. The mappings M and L are invertible. We have 
L o M ^ Idjr and M o L = Id© . 
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Proof. Given [X] in T/G, we choose X = (y, U, h, r) = r{[X]) as a representative 
of [X] and consider {u, p, fi) given by ()4.8p for this particular X. Note that, from 
the definition of F, we have X G Tq. Let X = {y, U, h, f) be the representative of 
L{u, p, p) in J"o given by the formulas (|4.6p . We claim that {y, C/, h, f) = (y, U, h, r) 
and therefore L o M ~ Idjr/c- Let 

(4.12) g{x) = sup{e e M | y(0 < x}. 

It is not hard to prove, using the fact that y is increasing and continuous, that 

(4.13) y{g{x)) = x 

and y^^{{—oo,x)) = {—oo,g{x)). For any a; € M, we have, by (j4.8bp . that 

pi{^^,x)) = / hd^= r'^\d^^ H{g{x)) 

y ^((~^;^)) oo 

because iJ(— oo) = 0. Since X G J"oi y + = Id and we get 

(4.14) p{{~co,x))+x = g{x). 
From the definition of y, we then obtain that 

(4.15) m = sup{a; £ R | y(x) < £}. 

For any given ^ € R, let us consider an increasing sequence Xi tending to y(^) such 
that g{xi) < ^; such sequence exists by (|4.15p . Since y is increasing and using 
(|4.13p . it follows that Xi < y{£,). Letting i tend to oo, we obtain y(^) < y(^). 
Assume that y(<^) < y{£,). Then, there exists x such that y(^) < x < y(^) and 
equation (|4.15p then implies that g{x) > On the other hand, x = y{g{x)) < y(^) 
implies g{x) < ^ because y is increasing, which gives us a contradiction. Hence, we 
have y ~ y. It follows directly from the definitions, since y^ + h = 1, that h = h, 
U = U, \_r\ = |f|, and d = d. If y^i^) ^ 0, then r(C) = f{^). We use KWi 
and get 7~(^) = p(y(0)yc = p{y{0)yi = r if y^{^) ^ 0. Thus we have proved that 

LoM = Idjr/Q. 

We now turn to the proof that M o L = Id-p. Given (u, p, p) in 2?, we denote by 
(y, [/, ft., r) the representative of L(u, p, /i) in given by (|4.6p . Then, let (m, p, /i) = 
M o L(m, p, p). We claim that (u, p, /i) = (u, p, p). Let 5 be the function defined as 
before by (|4.12p . The same computation that leads to (|4.14p now gives 

(4.16) p{{-^,x))+x = g{x). 

Given ^ e M, we consider an increasing sequence Xi which converges to y(^) and 
such that p[[—oo,Xi))+Xi < ^. The existence of such a sequence is guaranteed by 
(|4.6ap . Passing to the limit and since F{x) = p{{—oo,x)) is lower semi-continuous, 
we obtain p{{—oo, y(0)) + 2/(0 — We take = g{x) and get 

(4.17) p{{-oo,x)) + X < g{x). 

From the definition of g, there exists an increasing sequence which converges to 
g{x) such that y{^i) < x. The definition (|4.6ap of y tells us that p{{—oo, x))+x > 
Letting i tend to infinity, we obtain p((— oo,x)) -I- a; > g{x) which, together with 
(|4T7| . yields 

(4.18) p{{-oo,x))+x = g{x). 
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Comparing (|4.18|) and (|4.16p we get that fi = p.. It is clear from the definitions 
that u = u. Using (|4.1ip . we get p{y)y^ = r = p{y)y$^ and therefore p ~ p. Hence, 
(u, p, p) — {u, p, p) and M o L — Idp. □ 

5. Continuous semigroup of solutions 

Wc define Tt as 

Tt = M o St o L. 

The metric dp is defined as 

dniiui, pi, pi), {U2,P2,P2)) = djrg{L{ui, pi, pi), L{U2, P2, P2))- 



Definition 5.1. Assume that u: [0, oo) x M — > M and p: [0, oo) x 

(i) u e Li^^([0,oo),i7oo(IR)) and p e Lj^^([0,oo), 

(ii) the equations 



satisfy 



(5.1) 



(5.2) 
// 

J J[0,oo)xl 

and 
(5.3) 



u{t, x)4>t{t, x) + (u{t, x)Ux{t, x) + Px{t, x))(j){t, x) 



dxdt 



= / u{0,x)(l){0,x)dx, 



(P(t, x)-u^{t, x)-^ul{t, x)~^p\t, x))(f>{t, x)+Px {t, x)(t)x{t, x) 



dxdt = 0, 



dxdt 



p{0, x)0(O, x)dx. 



p{t, x)(j)t(t, x) - u{t, x)p{t, x)(j)x{t, x) 

'[O,oo)xl 

hold for all (j) g C^([0, oo) x R). Then we say that u is a weak global solution of 
the two-component Camassa-Holm system. If u in addition satisfies 

{u^ + ul + p% + {u{u^ + ul + p^))x - {u^ - 2Pu)x = 

in the sense that 

{u^{t,x) +ul{t,x) + p^{t,x))4>t{t,x) 



(0,cx))xl 



(5.4) 



+ {u{t,x)(u^{t,x) + ul(t,x) + p^{t,x)))(t>x{t,x) 



iu^t,x)-2Pit,x)u{t,x))<Pxit,x) 



dxdt ~ 0, 



for any (j) € C^((0,oo) x R), we say that u is a weak global conservative solution 
of the two- component Camassa-Holm system. 

Theorem 5.2. The mapping Tt is a continuous semigroup of solutions with respect 
to the metric dv- Given any initial data (uq, po, A'o) G T^, let {u{t, ■ ), p(t, ■ )), p{t, ■ ))) 
Tt{uo, po, po)- Then {u,p) is a weak solution to (jl.ip . and p is a weak solution to 

{u^+p + p^ - p% + {u{u^ + p + p^- p^))x = {u^ - 2Pu)x. 

For almost every time, p is absolutely continuous, and in that case p = (u^ + p^) dx. 

Proof. The proof follows closely the one for the Camassa-Holm equation with non- 
vanishing asymptotics, and we therefore refer to [21 Theorem 5.2]. 

□ 
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6. Regularity and uniqueness results 

Given (u, p,^) G I?, p G N and an open set /, we say that (u, p, p) is p-rcgular 
on an open set / if 

u € p G and ^^ac = M on /. 

By notation, we set = L°°{I). The variable p has a regularizing effect, 

as the following theorem shows. Even if the 2CH system has an infinite speed of 
propagation, see jl7j , we obtain the hyperbolic feature that discontinuities travel at 
finite speed. The regularity is preserved in intervals defined by the characteristics. 

Theorem 6.1. We consider the initial data (uq, po-, po)- Assume that {uq, po-, po) 
is p-regular on a given interval {xq,Xi) and 

(6.f) Paixf>c>0 

for X G (xq^Xi). Then, for any t G M+, {u, p, p){t, ■) is p-regular on the interval 
(y(t,^o),yit,(i)), where and satisfy y(0,^o) = xq and y(0,^i) = xi and are 
defined as 

Co = sup{e G M I y(0, < xo} and = inf{e G R | y(0, > xi}. 

Proof. We consider first the case p = 1. Let (yo, t/o, /lo, ''o) = L{uo, po, po). Since 
yo is surjective and continuous, we have 2/0(^0) = 2:0 and yo(Ci) = 2:1. We denote 
/ — {xo,xi) and J = (^o>Ci)- Since p is absolutely continuous on /, we get from 
(|4.6ap that, for any ^ G J, 

Ai((-oo,yo('?o)]) +/^ac((yo(Co),2/o(0)) +yo(0 = C 

so that 

Ai((-oo,yo(Co)]) + / {ul^ + pI) dx + yoiO = ^■ 
We differentiate this relation with respect to ^ and obtain that 

^'■'^ '''^^^=il + ul'pl)oy,iO- 

Hence, 

(6.3) yodO > 

for any ^ G J and for a constant C which depends only on ||uo||^yi,oo {!) and 
||Po|Il°°(/)' both quantities being bounded when (uqiPOiMo) is p-regular in /. By 
the definition of tq, we have po(jJo{0)yo^{S.) = ^oiO a-nd, therefore, it follows from 
(|6.3p and assumption ()6.ip that, for any ^ G J, ?'o(^) > ci for some constant ci > 0. 
By (|3.20d|) and (|3.23cp . we have 

(6.4) c? < r2(^) = r2(t, ^ (r + ky^^ = + %(2r + y^ < y^h + 2f + y^) 
for any t G [0, T] and ^ G J. In Lemma [331 it is shown that 

for some constant Ci which depends on the initial data. Then, (|6.4p yields y{(t, ^) > 
C2 for some constant C2 > 0. It follows that for each t G [0,r], the mapping 
yitr)- (Coj'Ci) ^ (2/(^^1 '?o), y(i, ■?!)) is a Lipschitz homeomorphism and its inverse 
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y ^ is also Lipschitz. Wc denote the interval {y{t,^o),y{t,^i)) by /*. By the 
definitions of Theorem 14.101 it follows that 

(6.5) u{t,x)^U{t,y-\t,x)) and pit,x) - ''^^'^ '^^'"^^^ 



y^{t,y-^t,x)) 



for a; G /*. Hence, u{t,-) G W^'^{P) and p{t,-) e L°°{P). Since ^ = y#{h{£_) d^) 
and y^^ is Lipschitz on /*, we have 

ti{t,A)= [ hit,Od^= f ^ dx= [ {ulit,x)+p{t,x)^)dx 

Jy-HA) JAVi^y J A 

for any subset A of /*. Hence, fi = /iac in /*. Let us now consider the case 
p > 1. It follows from (H^) that y p g W P °°{ J). Si nce C/o(0 = o yo(0 on J, 
we get J7o € 1^P'°°(J). Similarly, (|4:6bl) and KM yield /lo € VFP-1'°°(J) and 
tq G W'p~^'°° (J). The key point is that, due to the quasilinear structure of the 
equivalent system p.20p , this regularity is preserved by the flow. By differentiating 
Q given by p.l3p . we observe that d^Q is quasilinear in d^y, d^U, 9|~ h and 
d^~^f, that is, it can be written as 



(6.6) dfQ^ = aid^y^ + a2dfU^ + a3df ^h + aid^ 



0,5 



where {ai}f^^ arc functions that are bounded in L°°(J) by a constant depending 
only on ||y - Id||j^.p_i,^(j), ||C/||^p-i,oo(j), ||/i|Ii^p-2.oo(j), ||r||^p-2,oc(j), ||-P|Il=o(j) 
and IIQIIioo(j). The same property holds for P. One checks directly that the system 
p.20p inherits the same quasilinearity property, that is, the pth derivative of each 
term on the right-hand side can be written as a linear combination of d^y, d^U, 

d^'^h and 9|~^f as in ()6.6p . Then, wc use Gronwall's lemma and an induction 
argument on j 1, . . . ,p to prove, that if 

holds for t = 0, then it remains true for t e [0, T], for j = 1, . . . ,p. Using (|6.5p . we 
conclude that u G W^P'°°(/*) and p G Wp-'^'°°{P). □ 

Corollary 6.2. If the initial data (uq, po, po) G V satisfies UQ,po G C°°(R), po is 
absolutely continuous and Pq{x) > d > for all x G M, then u,p £ C°°(M X M) is 
the unique classical solution to (|3.ip . 



These classical solutions can be used to obtain the global conservative solution 
of the Camassa-Holm equation (|1.4p . We consider only initial data for which po is 
absolutely continuous. 

Theorem 6.3. Letuo G Hoo{^)- We consider the approximating sequence of initial 
data {uq,Pq,Pq) G V given by Uq G C°°(M) with hm„^oo = in Hao{R), 
Pq G C°°(M) with lim„_,.oo Po = m ^^^^^^(IR), (pq)^ > dn for some constant 
dn > and for all n and p^ = ((mo,^)^ + {.PoY)dx. We denote by {u^,p'^) the 
unique classical solution to (j3.ip in C°°(M+ x M) x C°°(]R-|- x R) which corresponds 
to this initial data. Then for every t G IR+, the sequence u"'{t, •) converges to u(t, ■) 
in L°°(M.), where u is the conservative solution of the Camassa-Holm equation p.4p 
with initial data uq G i?oo(R)- 
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Proof. The proof relies on the stabihty of the semigroup of solutions and on the 
Lemmas 16 .41 and [ 6 . 51 below, which compare the topology of I? with standard topolo- 
gies. From Lemma it follows that (uq, Pq, /Iq ) converges to {uq, 0, ^.q) in V. By 
the stability of the semigroup with respect to V, we have that, for any t G M-|-, 
{u^^ (t) , p"' (t) , fi^'- (t)) converges to {u{t),0, p{t)) in V. Then, Lemma [6.51 gives that 
M"(t, •) converges to u(t, •) in L°°(R). □ 

In order to complete the proof of the previous and main theorem, we show the 
following lemmas. 



Lemma 6.4. The mapping 
(6.7) 

is continuous from -ffo.cxil 
{un,Pn) in Ho 



(u, p) (u, p, {ul + p^)dx) 



X Ll 



i) into T). In other words, given a sequence 



M) which converges to (u, p) in i/o,oo 
then (u„, pn, (u^j ^ + p^)dx) converges to [u, p, (u^ -f p^)dx) in V . 



Proof. The proof follows the same lines as the one of [IHl Proposition 5.1], which 
we will not repeat here. Here we focus on showing that f„ — >■ f € L^(K). Note 
that we know already from the convergence in Eulerian coordinates that |fc„ — k\ 
converges to 0. 



We write gn 



Pn and g 



Let Xn = iyn,Un,h„,rn) and 



X = (y, U, h, r) be the representatives in J^q given by (|4.6p of L(u„, p„, (m^ ,^-\-p'^)dx) 
and L{u, p, [u^ + p^)dx), respectively. In particular, we have 



(6.8) 



g{x)dx + y{i) =C , 



gnix) dx + yni^) =C 



and, after taking the difference between the two equations, we obtain 



(6.9) 



via 



{g - 9n){x) dx 



y(?) 



Since gn is positive, 
implies 



y™(«) 

y-yn + gn{x)dS, 



gnix)dx + y{^) - 

\y-yn\ + 



yniO - 0. 

Il9n{x)d^ 



and (IM 



\yiO~ynm < 



\g~gn\{x)dx < ||.g-5„|| 



P e i?onst(IR): also gn g in 



Since u„ — >■ m in iJo,oo(]R) and p„ 
follows that Cn — > C G i°°(IR). The measures (m^ + p^)dx and (u^^ 
by definition, no singular part and therefore 

(6.10) = 3—- and y„,5 = 



and it 



Pn)dx have. 



5" ° Vn 



1 



go y + 1 

almost everywhere. Hence, 

Cn,c - Cc = (.9 ° y - ffn o yn)ynxyi 

(6.11) ={g°y- 9° yn)yn,^y^ + [g ° yn - 9n° yn)yn,^yi- 

Since < < 1, we have 

(6.12) / \goyn~ gnOyn\yn.iyid^< / |goy„ -g„oy„|y„^^d^ = ||( 
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For any e > 0, there exists a continuous function I with compact support such that 
11,9 ^ 'II Li — Wc can decompose the first term on the right-hand side of ()6.11|) 
into 

(6.13) {goy- go yn)yn4yi = {goy-lo y)yn,^ye. 

+ {loy-io yn)yn,e.ye. + {l°yn- go yn)yn,^yi- 

Then, we have 

jjgoy-loy\ y^^^y^ < J \g o y - I o y\ y^ d^ = \\g - l\\ < |, 

and, similarly, wc obtain J^\g o y^^ ~ I o y„\ y„_^y^ d^ < e/3. Since y„ — > y in L°°(]R) 
and I is continuous with compact support, wc obtain by applying the Lebesgue 
dominated convergence theorem, that / o 7/„ —> / o y in i"'^(R), and thus we can 
choose n big enough so that 

£ 

\loy-'loyn\yn,iy^d^ < \\l°y-l°yn\\Li < ^■ 

Hence, from (I6.13p . wc get that J-j^\g ° y — g ° yn\ y-n.^y^ d^ < e so that 



lim / \goy - goyn\y„^y^d^ ^0, 



and, from ([6lT|) and ([02|) . it follows that ^ C« in L'^{M.). Since Xn & -Fo: 
C„,^ is bounded in L°°(R), we finally get that C„.^ Q in L^{R) and, by (|4.6bp . 
hn h in L'^R). 

We are now ready to show that f„ — )■ f in L^(M). By definition we have f„ = 
Pn o ynyn,i and f ^ p o yy^, so that 

(6.14) 

ll*"" - r\\l2 = \\pn o ynyn,^ - p o yy^\\l,_ 

{pnoynfyn,(,{yn,(,-y{}d£, + j Pn o ynyn,iipn o yn - Pn o y)yid^ 
+ I p ° ynVn.iiPn o y - p o y)y^di + / {p° y)^ydyi - yn.i)d£. 
+ / p ° yye,{p ° y - p ° yn)yn,£,d^ + / p°yy(,{p°yn~ Pn°yn)yn.(,di. 

JR Js. 

The first and the fourth term have the same structure, and we therefore only treat 
the first one. Hence 



3.15) 



because (p„ ° yn)^ynx — ^ — 1 and thus it tends to as n ^ oo. In order to 
investigate the fifth term we will use that jj e L^(R) and therefore for any e > 



there exists a continuous function I with compact support such that 
e/(3 11^11^2). Thus we can write 



< 



\p ° yy^{p ° y ~ p ° yn)y, 



1 < 



p°yydp°v ~^°y)yn.i 



p ° yyd^ ° y - 1 ° yn)yn,i 
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poyy^{l o y„ - poyn)Vn,e. 



< Ml- (2 



L2 



L2 



Since j/n — ^ 2/ G and ^ is continuous with compact support, we obtain 

by Lebesque's dominated convergence theorem that / o y„ I o y in In 
particular, we can choose n big enough so that \\po yy^{p o y — po yn)yn,$\\]^i < £• 
Since e can be chosen arbitrarily small we obtain in particular that 

(6-16) lim Ilpo 2/2/^(^0 2/ - po y„)y„,^|| 1 =0. 

This immediately implies that also the second term tends to zero using Pn ° Un ~ 
Pn ° y = {Pn ° Vn - P ° Vn) + {p ° Vn - P ° y) + {p ° y - Pn ° y)- -^s far as the third 
(and the last) term is concerned, we can conclude as follows 

\\p°ynyn,dPn°y- p°y)y^\\L^ < ynyn.dlL^ \\{pn°y- p°y)yi\\L2 

< WpWl- \\Pn - pWl- , 

which again tends to zero since by assumption pn ^ p ^ L^(R). Hence all terms 
in (|6.14p tend to as n — )■ oo and therefore fn—>-fGL^ (M) . 

Finally we want to point out that when proving J7„,^ — > in L^(R), one has 
that 



.17) 



and a corresponding identity holds for which allows us to conclude as in [181 
Proposition 5.1]. 

□ 

Lemma 6.5. Let {un, Pm Pn) be a sequence in V that converges to (u, p, p) in V. 
Then 

Un ^ u in L°°(]R), pn ^ p, fc„ — > fc e M, and /i„ 



P- 



Proof. We denote by Xn = {y-n, Un, hn, rn) and X ~ (y, U, h, r) the representative 
of L{un, Pm Pn) and L{u, p, p) given by (|4.6p . For any x £ M, there exist ^„ and 
not necessarily unique, such that x = yn{^n) and x = y{£,). We set a;„ = yn{0- We 
have 



(6.18) 
and 



Unix) ~ u{x) = Unix) - w„(a:„) + UniO - U i^ 



\u„ix) - u„(a;„)| 



< ye 




< \/^n-W\yniU~yniO\ 



(Cauchy-Schwarz) 

(from (IX^ ) 
(since /i„ < 1) 



(6.19) 



= V6:^v/y(e)-2/n(0 
< ye^ii2/-2/«iii(^. 
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From|y(0-^| <Ai(K), wegct 

ICn - ei < 2Mn W + |y„(Cn) ~ y„(OI = 2 ||/i„||^i + \y{i) - y„(e)| 

and, therefore, since /i„ /i in i^(R) (because h = + — hC,^) and y„ y in 
i°°(R), — ^1 is bounded by a constant C independent of n. Then, (|6.19p implies 

(6.20) \un{x) - u„(a;„)| < C^y-yJ^lt . 

Since y„ y and [/„ ^ U in L°°(K), it follows from (|6.18p and (|6.20p that u„ ^ u 
in i°°(R). By weak-star convergence, we mean that 

(6.21) lim / pn(f>dx = / j5(l)dx 

for all continuous functions with compact support. It follows from (j4.8bp that 

(6.22) / pn(l)dx= I rn(f>°ynd^ and / p(f)dx= I fcpoydS^. 



Since y„ — >■ y in L°°(M), the support of (/> o y„ is contained in some compact which 
can be chosen independently of n and, from Lebesgue's dominated convergence 
theorem, we have that </) o j/„ — > (/> o y in i^(]R). Hence, since f„ — >■ r in L^(M), 

lim / (/) o y„f„ d£,= / 4>o yfd^, 

JR JR 

and (j6.2ip follows from (|6.22|) Similarly one can show that ^„ converges weakly to 
p. Finally, that fc„ converges to k is obvious by the definition of convergence in 
Eulerian coordinates. □ 
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